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(November 1, 2018)
Dembowski et al. [1] report on a microwave cavity ex-
periment where exceptional points (EP) are encircled.
The authors claim that the EP is a fourth order branch
point for the wave functions because the two wave func-
tions are not just interchanged as their corresponding en-
ergies during a complete loop in the parameter (λ) plane,
but one of them undergoes a phase change. Therefore,
the EP can, according to the authors, be clearly distin-
guished from other topological singularities such as dia-
bolic points (DP). The last ones are encircled some years
ago in a similar experiment [2]. In the following, it will
be shown that the two experiments [1] and [2] prove the
same topological singularity in contrast to the statement
of [1].
The encircled EP [1,3] is nothing else than a second
order branch point in the complex plane (BPCP) with
the following properties [4]:
(i) the complex energies of the two crossing states are
equal, E1 − i2Γ1 = E2 − i2Γ2 ,
(ii) their wave functions are linearly dependent,
ψ1 = ± i ψ2 , (1)
and bi-orthogonal with 〈ψi|ψi〉 → ∞, |〈ψi|ψi6=j〉| → ∞
and 〈ψ∗i |ψj〉 = δi,j . Although the number of BPCP is
of measure zero, their influence on the level dynamics
is quite large. It can be traced to, e.g., the well-known
avoided crossing of discrete or resonance states [4]. The
BPCP and DP are therefore related to one another.
For illustration, let us consider the complex two-by-two
Hamiltonian matrix
H =
(
e1(λ) − i2γ1 ω
ω e2(λ)− i2γ2
)
(2)
where ek and γk (k = 1, 2) are the unperturbed energies
and widths, respectively, of the two states. The ek are
assumed to depend on the parameter λ in such a manner
that the two states may cross in energy at λcr when ω =
0. The two states interact only via ω which is assumed in
the following to be independent of the parameter λ (as
the γk). The eigenvalues of H are E± − i2Γ± = (e1 +
e2)− i2 (γ1 + γ2)± 12
√
F with
F =
(
(e1 − e2)− i
2
(γ1 − γ2)
)2
+ 4ω2 . (3)
When F (λ, ω) = 0 at λ = λcr (and ω = ωcr), the S
matrix has a double pole which is a second order BPCP.
According to (3), F = FR+ i FI is generally a complex
number. For real ω, e1 = e2 at λ = λ
cr and we have to
differentiate between three cases
FR(λ, ω) > 0 →
√
FR = real (4)
FR(λ, ω) = 0 →
√
FR = 0 (5)
FR(λ, ω) < 0 →
√
FR = imag . (6)
The first case gives the avoided level crossing in energy
with an exchange of the two wave functions at λcr. The
second case corresponds to the double pole of the S ma-
trix. In the third case, the two levels cross freely in en-
ergy and the two states are not exchanged at the critical
value λcr [4]. In [5], the two cases FR > 0 and FR < 0 are
studied experimentally in a microwave cavity and called
overcritical and subcritical coupling, respectively.
The DP is surrounded in the experiment [2] in the
regime of overcritical coupling along the whole way of en-
circling and λcr is passed twice in opposite directions, (i)
ψ1 → − i ψ2, ψ2 → + i ψ1 and (ii) −i ψ2 → −ψ1, i ψ1 →
−ψ2. The phase change occuring after surrounding the
DP corresponds to the geometric phase discussed by
Berry [6].
The way of encircling the BPCP itself passes from a
region with overcritical coupling at λcr to another one
with subcritical coupling at λcr. Thus, a first full sur-
rounding gives ψ1 → − i ψ2, ψ2 → + i ψ1 and a second
one (in the same direction) − i ψ2 → +ψ1, i ψ1 → +ψ2.
That means, surrounding the BPCP twice restores the
wave functions ψi including their phases. The BPCP
is a second order branch point in correspondence with
the eigenvalue equation [4]. Encircling the BPCP in the
opposite direction gives ψ1 → + i ψ2, ψ2 → − i ψ1 in
agreement with the experimental data of [1].
Summarizing, the phase changes observed by encircling
a DP and a BPCP (called EP in [1,3]) are caused by the
same topological singularity.
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